Abstract-A new two-dimensional adaptive meshing technique for the analysis of rotating machines is presented. The method preserves the symmetry and periodicity of the meshes during adaptive refinement. This allows for a more accurate calculation of the cogging torque than the standard adaptive meshing scheme. The advantages of this method are demonstrated by results for a surface permanent magnet motor and a permanent magnet motor with pitted teeth.
I. INTRODUCTION

C
OMPUTER simulation using the finite-element method (FEM) is an important tool for the design of small highly efficient rotating machines. To optimize the calculation time for the FEM analysis, it is usual to combine the FEM calculation with an adaptive meshing method [1] - [3] .
For the analysis of many types of rotating machines, the standard adaptive meshing method [1] is efficient at optimizing the calculation. However, for rotating machines which have a small cogging torque, it is difficult to obtain an accurate result. This paper presents a new adaptive meshing algorithm specifically designed for the analysis of rotating machines, which can estimate cogging torque values more accurately than the standard scheme.
II. PROBLEM DEFINITION
For rotating machines that have a large air gap and large values of cogging torque, such as the surface permanent magnet motor (SPM) shown in Fig. 1(a) , the standard adaptive meshing scheme works well.
However, for machines which have a narrow air gap and a small cogging torque, such as the permanent magnet (PM) motor with pitted teeth shown in Fig. 1(b) , the accuracy of the cogging torque obtained using the standard method is poor. Fig. 2 shows the magnetic flux density at the gap center for the motor in Fig. 1 (b) obtained using two different meshes, one fine (121 367 elements) and one coarse (38 224 elements). Fig. 3 shows the cogging torque obtained with the same two meshes. Even though the flux density appears identical for the two calculations, the cogging torque is not. This confirms the well-known result [4] that force and torque values are extremely sensitive to the mesh and converge more slowly than values The new adaptive meshing scheme introduced in this paper uses symmetric meshes in order to improve the accuracy of the calculated cogging torque.
III. PROPOSED METHOD
A. Adaptive Meshing Method
An adaptive meshing method is the coupling of magnetic field analysis, error estimation, and mesh refinement. The magnetic field analysis and mesh refinement are carried out in turn and only those elements which have a large error are marked for refinement, ensuring that at each step a close-to-optimal mesh is used.
The error estimator used in this work is based on the Zienkiewicz-Zhu method [5] . The error is calculated from the error in the magnetic energy and the average magnetic energy, :
where is the magnetic flux density in each element and is the number of elements.
is the magnetic flux density evaluated at the center of the element from the element shape functions,
, and is the average value of the flux around each node of the element. (4) where is the number of nodes in element and is the number of the elements adjacent to node . The error estimator in this paper is defined as follows:
The adaptive meshing method is repeated until there are no elements which have an error value larger than a predefined value. The cogging torque is found from the sum of the nodal forces [6] . To improve the accuracy of the nodal force calculation, it is preferable to limit the change in the force between adjacent nodes. Therefore, the error estimator defined above is supplemented by a measure based on the rate of change in the nodal force. If the forces on two nodes in the same element differ by more than a preset value, then the element is marked for refinement.
B. Generating Symmetric Meshes
The re-meshing in the adaptive meshing scheme is based on Delaunay triangulation. Therefore, even if the initial mesh is symmetric, the mesh after one or more steps of mesh refinement will not be. To generate periodic and symmetric meshes when using adaptive refinement, it is necessary to modify the refinement process.
An analysis model is composed of several distinct regions, bounded by straight lines, arcs, and splines. When these regions are created a set of relationships between them is maintained based on the periodicity and symmetry relationship of the regions. The regions are classified into two types, base regions and copied regions. A copied region can have a connection to only one base region [ Fig. 4(a) ]. The process described in this paper limits the generation of new nodes during the refinement process to the base regions [ Fig. 4(b) ]. The base regions are re-meshed using the new nodes [ Fig. 4(c) ]. New nodes in the copied regions are then created by applying a suitable transformation to the nodes in the corresponding base region [ Fig. 4(d) ]. This means that the node positions in the copied regions maintain a symmetric or periodic relationship to the nodes in the base region. The copied regions are then re-meshed and an edge-flip procedure is used to ensure that the mesh in the copied region is a symmetric or periodic copy of the mesh in the base region [ Fig. 4(e) ]. This results in a refined mesh, which has the desired symmetric and periodic properties.
IV. RESULTS
To demonstrate the effectiveness of the error estimator given in (5), the standard method has been used to calculate the cogging torque of an SPM motor, shown in Fig. 1(a) . To show the advantage of using the proposed scheme for low cogging torque motors, results are presented for a PM motor with pitted teeth, shown in Fig. 1(b) .
A. Surface Permanent Magnet Motor
The SPM motor in Fig. 1(a) has a large air gap and cogging torque. Therefore, the standard adaptive meshing scheme will generally work well for this type of motor. Fig. 5 shows the mesh at the last adaptive step and Fig. 6 shows the cogging torque found using only the standard method. This result is for the sixth adaptive step when the mesh had 13 229 elements. The cogging torque waveform is smooth, cyclic, and symmetric. This result means that for such cases the proposed method does not offer any benefits.
B. Permanent Magnet Motor With Pitted Teeth
The PM motor shown in Fig. 1(b) has pitted teeth and is designed to have a low cogging torque. Because of the small value of the cogging torque, it is very sensitive to small errors caused by the mesh. This makes obtaining an accurate value of the cogging torque for this motor difficult. Fig. 7 shows the mesh at the last adaptive step and Fig. 8 shows the cogging torque calculated using the proposed method and compares it with results from different adaptive meshing methods. The waveform of the cogging torque found with the proposed method is both cyclic and symmetric, whereas that found using the other methods are not. Fig. 9 shows the convergence of the cogging torque using different adaptive meshing schemes. A result from the method proposed in this paper after six steps (606 072 elements) was taken as the reference value , and the error was found using (6) where is the cogging torque and is one period of the cogging torque waveform. It can be seen that adding the nodal force error estimator increases the number of elements refined at each step and accelerates the adaptive meshing. With only the standard error estimator, only a small amount of refinement takes place requiring many steps. Using the symmetric mesh refinement method reduces the error and improves convergence. This can be seen more clearly in Fig. 10 . The cogging torque at the initial, stable position should be zero. When using symmetric meshes, the cogging torque is very close to zero for all meshes, however, for the adaptive meshing schemes using nonsymmetric meshes, the cogging torque shows a significant error at the stable position.
The low error shown in Fig. 10 for the coarse symmetric meshes suggests that using a symmetric mesh leads to error cancellation. The initial meshes for all the adaptive schemes were symmetric, hence, the low error for the coarsest mesh.
V. CONCLUSION
This paper has proposed a new adaptive meshing method of the analysis of rotating machines. For machines which have a very low cogging torque, the standard adaptive meshing method can produce errors of the same order as the cogging torque, resulting in poor accuracy. Using the proposed method, which maintains the symmetry of the mesh even after refinement, the error is significantly reduced.
